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Abstract

We establish the characterisations of the classes of bounded linear operators from the generalised
Hahn sequence space hg, where d is an unbounded monotone increasing sequence of positive real
numbers, into the spaces [cg], [c] and [cx] of sequences that are strongly convergent to zero,
strongly convergent and strongly bounded. Furthermore, we prove estimates for the Hausdorff
measure of noncompactness of bounded linear operators from hy into [¢|, and identities for the
Hausdorff measure of noncompactness of bounded linear operators from hg to [co], and use these
results to characterise the classes of compact operators from hy to [c] and [co].
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1. Introduction and Notations

We use the standard notations w for the set of all complex sequences x = (x1)32;, and lu, c,
co and ¢ for the sets of all bounded, convergent, null and finite sequences, that is, sequences

terminating in zeros. We also write e = (e;)?, and (™ = (e,(:’))zoz1 (n € N) for the sequences

with e = 1 for all k, and e%n) =1and e,in) =0 for k # n.

We recall that a BK space X is a Banach sequence space with continuous coordinates P, : X — C
(n € N), where P,(z) = z,, for all z = (z3)}2, € X. A BK space X D ¢ is said to have AK
if 2 = lim,_0o 2™ for all z = (xr)p2, € X, where zlml = Yoy zre® denotes the m-section
of the sequence z. It is well known that the sets £, ¢, and ¢y are BK spaces with their
natural norms ||z|« = supy|zk|, co has AK, every sequence x = (x)3>; € c has a unique
representation x = e+ > oo (xp — €)e®) | where &€ = limj_, . z, and finally, £ is not separable
and consequently has no Schauder basis. Let X C w. Then the set X’ = {a € w :
> he agry converges for all z € X} is the S-dual of X. Let A = (an);—; be an infinite
matrix of complex numbers, A, = (ank)7>; and Ak = (ank)22, be the sequences in the nth row
and the k™" column of A, and X and Y be subsets of w. Then we write A,z = > pe ankxy and
Ax = (Apx);e, for x = (x)32, provided all the series converge. The set X4 = {r c w: Az € X}
is called the matriz domain of A in X, and (X,Y’) denotes the class of all matrix transformations
from X into Y, that is, A € (X,Y) if and only if X C Yj4.

The reader interested in the theory of sequence spaces and matrix transformations is referred to
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the monographs Boos (2000); de Malafosse et al. (2021); Kamthan and Gupta (1981); Malkowsky
and Rakocevié (2019); Ruckle (1981); Wilansky (1984); Zeller and Beekmann (1968).

If X and Y are Banach spaces, we use the standard notation B(X,Y") for the Banach space of all
bounded linear operators L : X — Y with the operator norm ||L|| = sup{|L(x)| : ||z|| = 1}; the
space X* = B(X,C) is called the continuous dual of X; its norm is || f|| = sup{|f(z)| : ||z| = 1}
for all f € X*. Also K£(X,Y') denotes the class of all compact operators in B(X,Y).

The following well-known result gives the relation between (X,Y) and B(X,Y).

Proposition 1.1 Let X and Y be BK spaces.

(a) If A € (X,Y), then La € B(X,Y), where La(z) = Ax for all x € X, that is, matriz maps
between BK spaces are continuous (Wilansky, 1984, Theorem 4.2.8).

(b) If X has AK, then every operator L € B(X,Y) can be represented by a matric A € (X,Y)
such that

Az = L(z) for all x € X (Jarrah and Malkowsky, 2003, Theorem 1.9). (1.1)

The operator A : w — w of the so—called forward differences is defined by Axy = xp — zp1
(k=1,2,...). Theset h ={z € w: > ;2 k|Azi| < oo} N ¢y was defined by Hahn in 1922 (see
Hahn (1922)) in connection with the theory of singular integrals; Hahn showed that h is a BK
space with [[z||" = Y 72| k|Axg| + supy, || for all z = (2)52, € h. Rao (1990) showed that the
Hahn space is a BK space with AK with the norm ||z|| = >~ k|Axy| for all = (x4)72, € h.

Goes (1972) introduced and studied the generalised Hahn space hg for arbitrary complex sequences
d=(dp)2, with di #0 for all k by hg ={zr € w: D ;o |di| - |Azg| < 0o} N ey with the norm

lzllg = |di| - [Azg| for all & = (2)72; € hq. (1.2)
k=1

The following result is known.
Proposition 1.2 Let d be a increasing unbounded sequence of positive reals.

(a) Then hg with the norm in (1.2) is a BK space with AK (Malkowsky et al., 2021, Proposition
2.1).

(b) We write

n

>

k=1

for all a € bsy.

n
D a
k=1

1 1
bsqg=4qa€w:sup— and ||allps, = sup —
d n dn

n n

Then hg = bsq and hg and b} are norm isomorphic (Malkowsky et al., 2021, Proposition 2.3).

Recent research on the Hahn space and its generalisations can be found, for instance, in Das
(2017); Kirisci (2013a); Raj and Kiligman (2014); Rao and Srinivasalu (1996); Rao and Subra-
manian (2002) and the survey paper Kirisci (2013b).

Throughout, we use the convention that every term with a subscript < 0 is equal to zero. The
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sets

SRS
[co] = {wa.T}Ln;on;\kxk—(k—l)xk1| —0},

[c] =lco] Be={r €w:x—Ee € [co] for some £ € C} and

[Coo] = {x Ew: Suplz |kxr — (k — Dag_q| < oo}

n
o =1

of sequences that are strongly convergent to zero, strongly convergent and strongly bounded
were first introduced and studied in the papers Borwein (1960), and Kuttner and Thorpe (1979).
Generalizations of these spaces were considered by Moricz (1989), the research papers Djolovié
and Malkowsky (2012, 2013); Jarrah and Malkowsky (2002); Malkowsky (1995, 2000, 2013);
Malkowsky and Nergiz (2015); Malkowsky and Rakocevié (1998, 2000), and the survey paper
Malkowsky (2017).

The following result is well-known.

Proposition 1.3 (Malkowsky, 1995, Theorem 2) The sets [co], [¢] and [coo] are BK spaces with

1 n
[2l{¢o] = sup - > kg — (k= Dag_1;
T k=1

[co] is a closed subspace of [c], and [c] is a closed subspace of [cxo]; [co] has AK and every sequence
x = (x1)72 € [c] has a representation

r=Ee+ Y (wx—&e®, (1.3)
k=1

where & is the unique complex number such that x — e € [co|, the so—called [c]-limit of z.

In this paper, we characterise the classes B(hg, [co]), B(hq, [c]) and B(hg, [coo]), when d is a mono-
tone increasing unbounded sequence of positive real numbers. Furthermore, we establish estimates
for the Hausdorff measure of noncompactness of operators in the class B(hg, [c]), and identities
for the Hausdorff measure of noncompactness of operators in the class B(hg, [co]). Finally, we
characterise the classes KC(hg, [c]) and K(hg, [co)).

2. The Classes B(hy,Y) for Y € {[c]; [c]s [co]}

Throughout let d be an unbounded increasing sequence of positive real numbers.

We are going to characterise the classes B(hq,Y') and compute the operator norm of L € B(hg,Y)
for Y € {[cxo], [c], [co]}- Since hy is a BK space with AK by Proposition 1.2 (a), and each space
Y is a BK space by Proposition 1.3, each operator L € B(hgy,Y') can be represented by a matrix
A € (hg,Y) asin (1.1) by Proposition 1.1 (b). We will use this fact and notation throughout the
paper.

We need the following definition and results which we state here for the reader’s convenience.

Definition 2.1 (Wilansky, 1984, Definition 7.4.2) Let X be a BK space. A subset E of the set
¢ called a determining set for X if D(X) = Bx N ¢ is the absolutely convex hull of E.
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Proposition 2.2 (Wilansky, 1984, Theorem 8.3.4) Let X be a BK space with AK, E be a
determining set for X, and 'Y be an FK space. Then A € (X,Y) if and only if:

(i) The columns of A belong to Y, that is, A*¥ = (a,1)3%, € Y for all k,
and

(i) L(E) is a bounded subset of Y ,where L(x) = Az for all x € X.
Proposition 2.3 (Malkowsky et al., 2021, Proposition 3.2) The set
L e
E= e™:meN (2.1)

s a determinig set for hg.

Theorem 2.4 We have
(a) L € B(hg, [co]) if and only if

l m m
1
141 (g fec)y = SUP 77— DAY Stk — (0= 1) an_1k| < o0 (2.2)
L k=1
(b) L € B(hg,|c]) if and only if (2.2) holds and
for each k € N, there exists oy, € C such that
L 2.
lim % |nank — (N — 1)an—15 — ag| = 0; (2:3)
l—o00 n=1
(c) L € B(hg,[co]) if and only if (2.2) holds and
1
lim — Z [nane — (n — 1)ap—1 x| = 0 for each k. (2.4)
I—oo [ o ’
(d) If L € B(hq,Y) forY € {[co], [c], [ce0]}, then
L0 = 1A (oo (2.5)

Proof. (a) Let L € B(hg, [cx0))-

Since the set E in (2.1) is a determining set for h; by Proposition 2.3, we apply Proposition 2.2,
and show that the matrix A that represents L satisfies the conditions in (i) and (ii) of Proposition
2.2.

We write C' = (cpm);5y,—1 for the matrix with

m
cnm:nZank forn,m=1,2,...
k=1

and
A, Chm = Cpm — Cn—1,m forn,m =1,2,....

Let m € N be given and y™ = (1/d,,)el™ € E. Then we have

Any(m) — Zankyl(gm) — df Zank = Tcnm fOI' aH n,
k=1 " k=1 nm
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hence

e

[coo

l
1
= - A — (o — DA, ™
| Slllplngl‘n nY (n—1)A,1y

1
1 _
= Slllpﬁ E ’Ancnm’ < ||A”(hd,[coo]) < 00.
™ =1

So (2.2) yields the condition in (ii) of Proposition 2.2.
It remains to show that the condition in (i) of Proposition 2.2 is redundant.
We have

1
T — dmAny(m) — dm,lAny(m_l) = E(cnm — ¢p,m—1) for all n and m,
hence

|nanm - (n - 1)an—1,m| = ‘Cnm —Cpym—1 — (Cn—l,m - Cn—l,m—l’ = ‘A;Cnm‘ + ‘A;Lcn,m—1|

and

l
1
”AmH[coo] = Slllp 7 E |nanm - (n - 1)an,m71|
n=1

l

l
1 1
< dmsup — Z ‘A;cnm‘ + dp—1sup Z ‘A;cmm_l‘
l ldm n—1 l ldm— 1

1. —
n=

<2d,, - HAH(hd,[coo]) < oo for all m.

This completes the proof of Part (a).

(b) and (c) Since hg is a BK space with AK and [co] and [c] are closed subspaces of the BK
space [coo] by Proposition 1.3, Parts (b) and (c) follow by (Wilansky, 1984, Theorem 8.3.6).

(d) Finally we assume that L € B(hg,Y), where Y € {[co], [c], [¢o]}- Then A,, € hg for all n and
hg = bsq by Proposition 1.2 (b). We obtain for A,z = L, (x) (x € hg)

oo k
1
|Apz| < g dk\Axk|d—k E anj| < | Anllbs, - |z]|n, for all n € N and all z € hy. (2.6)
k=1 j=1

To prove (2.6), let m € N be given. Then Abel’s summation by parts yields

m m—1 k m
Ln(:c[m}) = ApxM™ = Z OnkTh = Z Az, Z (nj + Tm Z Anj
k=1 k=1 j=1 j=1

Since hg has AK and x € hy, it follows that
oo o0 [e.e]
0 < |dmrm| = > dy ‘m,@”}‘ <3 dy |A(a:,[€m] - ggk)( + 3 di | Ay

= (|2 — 2|lp, + D di [Azg| = 0 (m — o0).

k=m
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Thus the continuity of L,, yields

[Ane| = [La(@)| = lim_|La(@)]| < demxm Zam

o0
<> dil Al Anllbs, = I1Anllbs, - l12lng,
k=1
that is, (2.6).
Now we write B = (b,1)5%,_; for the matrix with the rows B,, = nA,—(n—1)A,_; forn =1,2,....

7

Then we obtain from (2. ) for 1=1,2,...

l l o) m
;i Z InApz — (n—1)A,_1x| %Z |Brz| < %Z Z | ATy ! me
n=1 n=1m=1 J=1
1 00 1 l m
=7 D dm|Azy| (d— > by
m=1 M op=1|j=1
1 1 l m
< - sgp@; ;bm l[2ln,

l m
1
< | sup o 1D (nan; = (n = Dan-15)| | Iz,

lm

n=1|j=1
< Al hg,feoo) 1] g -
This implies
!
1
1L = sup [|L(z)]jcoe) = sup < > nAnz = (n = 1) An12] < [|A]l (hy e (2.7)
lzlln,=1 llzlln,=1 " ;.53

To prove the converse inequality, let m € N be given. We put z("™ = (1/d,,)el™). Then

m

1 d
m), = — (m)| = Zm
I, = 33 c[aam] = 52 =1
and
HL(a:(m))”[coo] = Sup E ’nAnx (n—1)Ap_1z™

1
= Slllp m ; |Cm — Cn—l,ml <L

Since m € N was arbitrary, we have ||Al| (4, (o)) < IIL]-
Finally, this and (2.7) together imply (2.5). O

Now we establish a formula for the [¢]-limits of L(x) and x € hg, when L € B(hg, w).
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Theorem 2.5 Let L € B(hg,[c]) and oy, for k € N be the complex numbers in (2.3). Then the
[c]-limit n(xz) of L(x) for each sequence x € hy is given by

= Z AT . (28)
k=1

Proof.  Let L € B(hg,|c]). We write B = (bni)2 . for the matrix with the rows B, =
nAy, — (n—1)A,_; for all n. First we show

(ar)iZ) € bsa (2.9)

We have for all [,m € N

1 |& 1 1|
@;Zﬁk:@;yﬁiZi
k=1 n=1 k=1
1 1 ! m 1 l m
S% 7n: z:: nk — Qi Tn lz::kz
m !
gdiz%z Bk = ] + 114l g ) (2.10)
M k=1 n=1

Since, for each fixed m, the first term in the last inequality above tends to 0 as [ tends to infinity
by (2.3), it follows that

SUp 7— < Al (hasfese)) (2.11)

Zak

and so (2.9) is satisfied.

By Proposition 1.2 (b) and (2.9), we have (a4)32, € hg. Also A € (hg, [c]) implies A,, € hg for
each n, and consequently B,, — (o), € hg for each n. Now we obtain for all m and [ by (2.11)

m
Do

k=1

l

Z

l

Z

m

D bu

k=1

< 2[[ Al (h fene]) < 005

m
Znank —(n—Dapg — ag| < 00

l
1
- SfS
that is, (ank — ak)pk—1 € (hd; [ceo]) by Theorem 2.4 (a). Finally, this and (2.3) imply (ank —
ag)n k=1 € (hd, [co]), so the [c]-limit of (x) for x € hy is given by (2.8). O

3. The Hausdorff Measure of Noncompactness of Operators

In this section, we establish an identity for the Hausdorff measure on noncompactness of opera-
tors in B(hg, [co]) and an estimate for the Hausdorff measure of noncompactness of operators in
B(hg, [c]). We also characterise the classes K(hg, [co]) and K(hg, [c])-

We list the necessary, known concepts and results concerning the Hausdorff measure of noncom-
pactness. First we recall the definition of the Hausdorff measure of noncompactness of bounded
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sets in complete metric spaces (Toledano et al., 1997, Definition 11.2.1), and the Hausdorff mea-
sure of noncompactness of operators between Banach spaces (Malkowsky and Rakocevié, 2019,
Definition 7.11.1). The interested reader is also referred to the research articles Mursaleen and
Noman (2010, 2011).

Let X be a complete metric space and Mx be the class of bounded subsets of X. Then the
function x : Mx — [0,00) with x(Q) = inf{e > 0 : @ has a finite e-—net in X} is called the
Hausdorff measure of noncompactness on X.

Let x1 and x2 be Hausdorff measures of noncompactness on the Banach spaces X and Y, repec-
tively. Then an operator L : X — Y is said to be (x1,x2)-bounded, if L(Q) € My for all
@ € Mx and there exists a non—negative real number ¢ such that

x2(L(Q)) < c-x1(Q) for all Q € Mx. (3.1)

If an operator L is (x1, x2)—bounded, the the number

I L] (x1,xo) = inf{c > 0: (3.1) is satisfied}

is called the (x1, x2) -measure of noncompactness of the operator L. If x1 = x2, we write || L, =
| L]l (x,), for short, and refer to || L[|y as the Hausdorff measure of noncompactness of the operator

We need the following known results.

Theorem 3.1 (Goldenstein, Gohberg, Markus) (Malkowsky and Rakocevié, 2000, Theo-
rem 2.23) Let X be a Banach space with a Schauder basis (by), R, : X — X for each n be
defined by

Ro(x) = D Niby for allz =) M\pby € X,
k=n+1 k=1

and p: Mx — Mx be the function with

p1(Q) = limsup (sup HRn(x)H> .

n—r00 TEQ

Then

a

1 .

— - (@) < x(Q) < inf (Sug HRn(OC)H> < (@) for all x € Mx, (3-2)
no\ze

where a = limsup,,_, o || Rn|| is the basis constant of the Schauder basis.

Proposition 3.2 Let X and Y be Banach spaces and L € B(X,Y) and Sx denote the unit
sphere in X. Then we have

IIL|ly = x(L(Sx)) (Malkowsky and Rakocevi¢, 2019, Theorem 7.11.4) (3.3)
and L € K(X,Y) if and only if
|L|ly =0 (Malkowsky and Rakocevié¢, 2019, Theorem 7.11.5). (3.4)

We obtain the follwoing results for the Hausdorff measure of noncompactness of bounded sets in
[co] and [c].



Malkowsky Scientific Research Communications, vol. 1(1), 2021

Corollary 3.3 We have
X(Q) = w(Q) for all Q € Mg (3.5)

and
1

5 1(Q) < X(Q) < p(Q) for all Q € My, (36)

Proof. We show a =1 for Ry, : [co] — [co] and a < 2 for R, : [¢] = [¢]. Then (3.5) and (3.6)
follow from (3.2).

We have z = 372 | axe®) for all x = (23,)%, € [co] by Proposition 1.3, hence for each m € N

1 n
IRn(@)ley = sup — > [kay — (k= Dy

n
nzm+1 k=m+1

1 n
= sup — <(m + Dl + Y ke — (k- 1)%1’)

n
n2m+l1 k=m-2

m+1 n
= Ssup ﬁ < Z(k‘mk — (k} — 1)xk,1) + Z |k:xk — (k — 1)$k1’>
nzm+l k=1 k=m+2
< sup Z\kwk = (k= Dag-1]| = (|2 e
hence
R (@)l [cae) < 1] [ (3.7)

This implies [|R,,|| < 1 for all m. Since R, is a projector, we also have ||R,,| > 1 for all m.
Thus we have shown a = 1.

By (1.3), every sequence x = (z,)72, € [c] has a unique representation

r=Eet+ Y (wp—&e®
=1

where £ is the [¢]-limit of the sequence x. Now we have

[Ron (@)l = 5D~ <\<m+ D@mir— &)+ > [kax— &) — (k- 1)(a —f)l)
n2m k=m+2
< sup - ([((m+ 1) = (n = (m -+ 1))E] + [+ Do
+ Z |kxk — (k — 1)a:k_1\>

k=m+2

IN

1 n
+ sup — kxp — (k—1)x,_
€1 sup 3 o= (= D

and (3.7) yields
[Romllfeee) < 1€+ [l eoc)- (3.8)

We also obtain for all n

€] = er\< Z\kmk— k—Dagy — &+~ Zwmk— ke — 1)ap_1]
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n

1
<= kxp — (k= Dap—y — &+ ||zl eo-

k=1

3

Since € is the [¢]-limit of the sequence x, the first term in the last inequality tends to 0 as n tends
to oo, and so ] < [|z|j..- Now (3.8) yields [|[Rum()jc] < 2[|7||c.) for all m, hence a < 2. O

Now we prove an estimate for ||L||,, if L € B(hg,[c]), and an identity for || L||,, if L € B(hq, [co])-

) < [IL]lx

m
Z(nank —(n—1)an-1, — ax)
k=1

Theorem 3.4 (a) Let L € B(hg, [c]). Then we have

1 1 <
2'35’&10(8‘}51d Z

m
Z(nank —(n—1)apn—1 % — ax)
k=1

) ., (3.9)
) (3.10)

Proof. Let A = (ank);%—; be any infinite matrix and r € N. We write A<~ = (a5~ )%=, for
the matrix with the rows A" =0 for 1 <n <rand A" = A, forn >r+ 1.
(a) Let L € (hg, [c]) and A = (an);—; be the matrix that represents L.

l
1
< i
= 5% <£’?§ ldy, Zr

where the complex numbers oy, are defined in (2.3).
(b) Let L € B(hg,[co]). Then we have

l
”L“X:Tgrgo<sup ld Z

[>r

m
E napk — (n—1)an—14
k=

First we show that the limits in (3.9) exist.
Let x € hg be given. We write y, = A,z = Ly(z) for n = 1,2,..., n(z) for the [¢]-limit of the

sequence y = (yn)nzy and gy (7) = [|Rr(2) | [c..] for all . Then we have for all r
1 m
(@) = IReW)lljew) = sUP - Y Ingn = (n+ Dyaor — ()|
>r+1 1M n=r+1
1 m
> sup — Y [nyn — (4 D1 — 0(@)] = (1R 1 (W) ljew] = trr1(y),
m>r+2 1M n=r-+2

hence sup,cq i (y) > sup,eq pr+1(y) > 0 for all 7 and for all @ € My,,. Consequently

p(Q) = lim p,(Q) exists for all Q € My,,.

r—00

Now we define the matrix B = (bnk)f;’k:l by bur = anr — ap for all n and k, and denote the
unit sphere in hg by Sp,. Since n(xz) = Y oo, agxy for all @ € hg by (2.8), it follows that
(Ryo L)(z) = B<"”x for all x € hy, and so by (2.2) and (2.5)

sup [|Ry 0 L) (@)l = 1B~ Il (hafeuc])
ZEShd
l

= sup Z

=1

m m
) b = (=1) 3 bavk
k=1 k=1
l

= sup diz

m; l>r+1

m

Znank— (n—=1)an—1x — o

10
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Finally we get (3.9) by (3.6) and by (3.3).
(b) The proof is similar to that of Part (a) with a; = 0 for all k£ and (3.5) instead of (3.6). O

Finally the characterisations of the classes K(hg,[c]) and K(hg, [co]) are immediate conse-
quences of (3.4) and Theorem 3.4.

Corollary 3.5 (a) Let L € B(hg,[c]). Then L € K(hg,|c]) if and only if

!
e (55‘5 ldm, Z_ ) ’

where the complex numbers oy are defined in (2.3).

m
Znank— (n—1)ap—1% — o)
k=

(b) Let L € B(hg, [co]). Then L € K(hq,[co]) if and only if

m

l
li S —(n—1an—
Jim (mlllgr . > ;nank (n—1)an—1

n=r

):0.

Example 3.6 We consider the Hahn space h = hg, where dy, = k for all k = 1,2,... and the
Cesaro matriz C1 = A = (ank)%’jk:l of order 1, where an, = 1/n for 1 <k <n and an, =0 for
k>n (n=1,2,...). Then L¢, € K(h,[co]) and ||L¢cy || = 1.

We close with an application of our results.

Proof. We write

m
T =)

Tim =

and

for all [ and m.

m
Znank —(n—=1ap_1x

k=1

1
Slmzmz

n=1

Then sy, = (1/lm) (0, + 73m) for all m and .

We obtain
m n
Olm = Z Znank - (TL - 1)an—1,k =
n=1 k=1
and
0 (1 <m)
Tim = ! Ul
> |22 napk — (n—1)an—1k| =0 ((=m+1),
n=m+1 |k=1
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hence sy, = (1/1) for all | and m. So supy,, Sim = 1, that is, Ley, € B(hg, [cso]) and || Ly || = 1 by
Theorem 2.4 (a) and (d). Also, for each fixed k,

l
1
0<l2]nank—(n—1an 1Lk = Z]nank—n—l)an 1k]) 0 (I = o0),

n=1 n=k

and this and L¢y, € B(hg, [cso]) togther imply Lo, € B(hg, [co]) by Theorem 2.4 (c).
Finally, we write for all [ > r, m and r

l m
(T) imz Z nank, — n_l)an 1,k

n=r |k=
1 m n l m
=7 (Z Znank —(n—=1)an—1%| + Z Znank —(n—1)an—1k >
=r |k= n=m+1 [k=1
1 1
- —(m-rt+1) <>
Mot s g
hence
sup Sl( ") S —
m;l>r r’
and so
lim sup Sl( " .
=00 m;>r
Consequently we have L¢, € K(h, [co]) by Corollary 3.5 (b). O

4. Conclusion

The paper adds new results in recent research concerning the studies of bounded linear and
compact operators between BK spaces. In particular, the main results are Theorems 2.4, 2.5,
3.4 and Corollary 3.5. Theorem 2.4 establishes the characterisations of the classes B(hg,Y") for
Y € {]clo, [¢], [c]oo} Dy necessary and sufficient conditions on the entries of the infinite matrices A
that represent these operators; furthermore it contains a formula for the corresponding operator
norms. Theorem 2.5 gives a formula for the [¢|-limit of L(z), when L € B(hg, [c]). Theorem 3.4
establishes an identity and an estimate for the Hausdorff measures ||L|, of L € B(hg,[c]o) and
L € B(hy,[c]), respectively, in terms of the entries of the infinite matrices A that represent L.
Corollary 3.5 yields the characterisations of the compact operators in the classes B(hg, [c]p) and
L € B(hg,[c]). Finally, the results of the paper are applied in Example 3.5 to obtain that the
operator C : hg — [c]o of the aritmetic means is compact.

Suggestions for further research would be the characterisations of the dual classes (Y, hy) for
Y € {[clo,[c], [c]oo}, and their subclasses of compact matrix operators, and possible extensions
of the results, when Y is generalised to Y, € {[c]5, [c]?, [c]%} (1 < p < 00); here the spaces Y,
obtained by replacing the modulus | - | in the definition the sets in Y by | - |P.
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