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Abstract

In this study, a complete guide to kinematic and kinetic analyses of a Watt type six-bar
compliant mechanism is conducted incorporating the flexible buckling of the initially straight
element. In the analysis procedure, the hybrid utilization of the pseudo-rigid-body model
(PRBM) and the nonlinear elastic theory of beam buckling is presented. This partially
compliant mechanism comprises three rigid links and two flexible links. The kinematic
analyses of the mechanisms are done by using the vector loop closure equations, the PRBM of
a large deflection cantilever beam, and derivation of nonlinear algebraic equations considering
the quasi-static equilibrium and load-deflection curve of the flexible parts. Each of the elastic
parts makes up a buckling pinned-pinned flexible Euler beam. The vector loop equations are
combined with Newton-Euler dynamic formulations to provide the simultaneous constraint
matrix. After these operations, the full mechanism is simulated to get both accelerations and
forces for each time step. Finally, the design method is validated through experimental results.
The findings derived from the combination of buckling elastica solution and PRBM approach
enable the analysis of Watt's six-bar compliant mechanism.

Keywords: Compliant mechanism; pseudo-rigid-body model; large-deflection analysis;
elastica theory; Watt type mechanism

1. Introduction

Compliant mechanisms consist of elastic elements that are used to accomplish the desired
motion, and compliant mechanisms can have rigid links and flexible links. compliant
mechanisms gain their mobility due to the constrained bending of flexible parts from simple
topologies (Howell et al., 2013). In compliant mechanisms, force is transferred to other
mechanism parts by making use of elastic deformation. The elastic links produce partially or
completely the motion of a mechanism (Midha et al., 2000). The popularity of the compliant
mechanisms has been increasing during the last decade, because of their superiority and
suitability in the micro-electromechanical system (MEMS) design & micro-and nano-
fabrication. It is relatively easy to manufacture a compliant mechanism using an injection
molding method (Her and Midha, 1987). There are many advantages of compliant
mechanisms as compared to rigid-body mechanisms. Integrated functions, high reliability,
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high precision, repeatability, and backlash-free motion, reduced and simplified manufacturing
processes, and necessitating fewer parts can also be counted. Therefore, they are suitable to be
applied in micro-machining (Khosraviani and Leung, 2012).

They also have some significant challenges. The compliant revolute joints can exhibit small
displacements, their mobility is restricted, and cannot sustain continuous rotation. Fatigue
failure is observed at the elastic joints. The elastic potential energy is stored due to the
deflection of flexible membranes in the compliant mechanism. The strain energy that is stored,
is distributed to the entire body and released energy can be used for the desired purpose as a
deflection feature. Compliant mechanism performance is affected by material properties, and
factors such as thermal and structural loads, and various environment-induced effects (Howell
and Midha, 1994).

The compliant mechanisms contribute to many disciplines for countless and versatile
engineering solutions (i.e. artificial spinal disc, compliant centrifugal clutch, compliant
suspension element, digital micromirrors, piezoresistive pressure sensors). The analysis of the
compliant mechanism is quite difficult with large nonlinear elastic deflections with reasonable
off-axis stiffness of its flexible elements exist. Their kinematic responses exhibit unique
characteristics as compared to the quasi-static response. In synthesizing the compliant
mechanisms, the simulation of the mechanism is validated experimentally investigating the
complexity of the dynamic relations (Lefebvre et al., 2005; Luo, 2006; Wang and Chen, 2009).
The function and structure of mechanisms have been investigated in many studies (Wang et
al., 2014; Pieber and Gerstmayr, 2020; Nikham and Farhang, 2018). A method for assisting the
design of flexure-based compliant mechanisms for dimensional synthesis, an optimization
procedure, and experimental validation has been presented in (Berselli et al., 2015). The
mobility of the compliant mechanism was analyzed under the influence of the geometry,
material type, and different compliant joints (Pavlovic and Pavlovic, 2005). Realizable joint
integration into elastically movable structures for motion tasks was investigated in (Ghosh and
Corves, 2015).

Some papers have explained the influence of geometry and material properties on the
compliant mechanisms (Gouker et al., 2006; Linf3 et al., 2019; Jovanova and Frecker, 2017;
Venkiteswaran and Su, 2016). Topology optimization technique to design distributed
compliant mechanisms was studied in (Zhang and Zhu, 2018). A comparative study for the
synthesis of the design variables of the flexible slider-crank mechanism between PSO and GA
was presented (Khemili et al., 2018). The theory of the curves generated in six-link motion has
been described (Primrose et al., 1967a; Primrose et al., 19677b). Six-link mechanisms have been
used in many applications (i.e., sewing machine (Eren and Aydemir, 2004), prosthetic limbs
(Gezgin et al., 2016), legged and jumping robot (Zhang et al., 2020), wheel-track mobile robot
(Luo et al., 2018), micro-aerial-vehicle design (Prosser et al., 2011). Design, kinematic synthesis,
path, and motion generation with the six-bar linkage mechanism have been investigated in
many papers (Chen and Tzeng, 2006; Chen and Huang, 2005; Yi and Leinonen, 2003; Plecnik
and Mccarthy, 2014; Zu and Wei, 2013; Mirth and Chase, 1993). A mathematical model of a
six-bar linkage parametric design investigated an auto-feeding soup machine. The motion of
the mechanism is simulated in ADAMS. The design parameters were also optimized to get a
smooth predetermined trajectory, high movement precision, and the smallest extreme
acceleration of the soup ladle in motion (Xi et al., 2010).

In another paper, the automated type synthesis of planar mechanisms and multi-body systems
were developed by including topology as a design variable in a GA-based methodology. It is
possible to design mechanisms that closely match the pre-described kinematic conditions by
fusing the GA with a multi-body analysis program (Liu and Mecphee, 2004). A procedure for
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the kinematic synthesis and analysis of a Watt I six-bar linkage was presented to apply in the
vehicle suspension design. This approach degrades to the task-based synthesis of a Watt I six-
bar where both ground pivots and end effector pivots are particularized (Plecnik et al., 2014).
The kinematic performance of the six-bar mechanism used in the prosthetic knee was
investigated through the optimization method and the advantages of the six-bar linkage over
the four-bar linkage to better achieve the expected trajectory of the ankle joint in the swing
phase was revealed (Jin et al., 2003; Bapat and Sujatha, 2017). A software system for the
synthesis of spherical Watt I six-bar linkages based on constraining 3R open chain with
randomized search in tolerance zones was designed by using SolidWorks Add-In MechGen
(Sonawale et al., 2013). The design method of six-bar linkages that reach an over-specified set
of task positions explained in (Tsuge and Mccarthy, 2014) expands the number of candidate
linkages that approximate an over-specified task. A method of optimization of structural error
in a closed kinematic chain of four-bar planar mechanism with six design parameters using
the Chebyshev-Freudstein method was applied to increase the global accuracy in the
mechanism (Aiswal and Jawale, 2018). In another paper (Mirth, 2012), the GCP to the synthesis
of six-bar planar linkages was investigated.

The primary focus of this paper is to design, synthesize and analyze a Watt six-bar compliant
mechanism that exploits buckling of pinned-pinned beam elements and large deformed
nonlinear beams. Although buckling is usually an unwanted phenomenon, the flexibility of
linkages is very useful in applications. Investigating the buckling event can strengthen the
compliant mechanism of design space by enabling the flexibility itself for versatile aims. For
this purpose, the quasi-static simulation and experimentally validated simulation of the Watt
six-bar compliant mechanism response is conducted. Modelling of these mechanisms
contributes wide information in several areas, which comprises kinematics, compliant
mechanisms, and nonlinear analysis. The sensitivity of the joint clearances and friction are
omitted in this paper. The context and content of this paper are as follows. In Section 2.1., a
conceptual basis of theories including the theory of elastica and the large-deflection analysis
of the cantilever beam is represented by explaining the elliptic integral formulations and
polynomial curve fitting application. In Section 2.2., the formulation of the Watt six-bar
compliant mechanism, which comprises the vector loop closure method, kinematic analysis,
and PRBM, is stated. In Section 2.3. the procedures of the dynamic simulations are
investigated considering the simultaneous constraint method and quasi-static analysis,
respectively. In Section 3, the simulation and experimental results are presented. The
concluding remarks and discussions are given in Section 4.

2. Experimental Methods

2.1. The Theoretical Basis

Elastica theory predicts the movement of the large deflecting beams incorporated in the
compliant mechanisms and is utilized in compliant mechanism design and synthesis (Howell
and Midha, 1994; Konopasek, 1980). Jacob Bernoulli has pioneered the large-deflection-based
analysis by proposing the proportional relation between the beam curvature at any point and
bending moment, and Euler solved elastica problems in a closed-form. The main restriction is
that it is only valid for simple geometries and simple loading conditions. The large deflection
equations of the pinned-pinned buckling mounted to a slider can be stated in normalized form
as in Eq. (1) (Sonmez and Tutum,2008; Sonmez, 2000).
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where p = % is the normalized load and g = % is the normalized deflection. P is the
horizontal force, Q is the vertical reaction force applied on the beam by the slider. w = % h =

% are normalized flexible beam horizontal displacement and vertical offset, respectively. L is
the length of the compliant beam.

In Eq. (1), F(x,¢) and E(x,¢) are completely first and second kind of elliptic integrals,
respectively. ¢ = % and y are the amplitude and the modulus. The formulation is represented
in Eq. (2):

_re de
F(X) (p) - 0 l—XZSinz((p)

EQt o) = [] 1= x?sin?(p)de 2)

Equation (2) is solved to evaluate the nonlinear load-deflection behaviour of a pinned-pinned
beam subjected to a horizontal load. The forces exerted to a simple pinned-pinned section are
collinear along the line among the two-pin joints and the deflections are also along this line.
The moments are not carried by pin ends. A nonlinear spring defined with a polynomial load-
deflection equation defines the pin-pin segment model.

To conduct the large deflection analysis, assume an initially straight cantilever beam subjected
to an end force having a vertical force component (Q) along the positive y-axis and a horizontal
force component (nQ) along the negative x-axis, as demonstrated in Figure 1.

a) b)
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Figure 1. The demonstration of the large deflecting cantilever beam subjected a force at
the free end; a) fixed-pinned segment, b) its equivalent pseudo-rigid-body model.

The parameter n is the force coefficient, which implies the proportion of the horizontal force
to the vertical force, and positive if the beam is compressed. The parameters presented in
Figure 1 are also modelled considering elliptic integrals in Eq. (3). The reader should refer to
(Zhang and Chen, 2012; Bishopp and Drucker, 1945), or (Sonmez and Tutum, 2008) for their
derivation.
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where a is the horizontal position, f is the vertical deflection of the tip of the beam, 4 =

sin(8y) — ncos(y) is an end angle related parameter, 6is the deflected beam end angle, and
2

% is the

corresponding loading parameter. The exact elastica solution of the flexible beams and its

trajectories are used for the kineostatic analysis simulation results.

¢, = arctan (%) is the exerted load angle accepted positive from the x-axis. @w =

2.2. Formulation of Watt Six-Bar Compliant Mechanism

The concept of the vector closed-loop equation (or loop closure equation) is presented in
Figure 2.

Flexible Links

8,(t)

Figure 2. Parameterization of the dimensions and conceptualization of vector loop closure.
Note that the angles of the vectors (measured from the positive x-axis to the vector at its tail)
are the same as the corresponding link angle. The angles are defined as counterclockwise
positive from the positive x-direction and drawn to the tail of each vector.

As seen in Figure 2, arbitrary coordinates are assigned at the ground joint, which is the leftmost
in the figure. Each link (including the ground links) is represented by a displacement vector.
The closed-loop vector equations are stated in Eq. (4):

ﬁ2+ﬁ3 =§1a+ﬁ4
ﬁ‘l- +I_€5 = ﬁlﬁ +§6 (4)

The vector loop equation is a very compact expression of the constraints that exist between the
various bodies of mechanism. The displacement achieved when vectors at the LHS of the
equation are added is the same as that achieved when vectors at the RHS of the equation are
added. This vector loop equation must be satisfied by the mechanism, regardless of the pose,
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it takes, as long as it remains assembled as a mechanism. Eq. (5) is obtained by summing
independently the horizontal (x-direction) and vertical (y-direction) vector components.

75¢08(05(t)) + 1r3(t)cos(O3(t)) = ry4cos (O14) + 15c05(0,(t))
125in(6, (1)) + r3(D)sin(05(t)) = r148in (614) + 145i0(64 (1))
1405(0,4(t)) + 15(t)cos(fs(t)) = ry5cos (Hlﬂ) + rgcos(4(t))
1,5in(0,(t)) + r5(0)sin(Bs(t)) = rypsin (615) + 76sin(6s(t)) (5)

The derived vector loop equations are compact, elegant expressions of the simple fact the
various links of the mechanism are constrained in some manner. The evaluations of the link
velocities and accelerations can be obtained by taking the first and second derivatives w.r.t
time of the Eq. (5), respectively. The vectors are time-varying and their orientation (vector
direction) changes as the mechanism moves. Due to the flexible structure of the link-3 and
link-5, their magnitude of link lengths also changes while the other link lengths (link-2, link-4,
link-6) remain constant. There are seven link angles, two of which (6,4, 81 ) can be taken to be
constant. The other five angles are time-varying, and that must be taken into account when
taking the derivatives. Eq. (6), which specifies the relationship among the rotational rates of
the moving links as long as the mechanism remains assembled.

rzéz (t)sin(Hz (t)) + 13 (t)93 (t)sin(93 (t)) — 7’”3(t)cos(93(t)) = r494(t)sin(94(t))
120, (£)cos(8,(t)) + 75 (D)sin(05(t)) + r5(£)05(t)cos(05(t)) = 1,04(£)cos(84(t))
120, (0)sin(0,(t)) + 15(0)05(D)sin(65(£) ) — 75 (D) cos(85(£)) = 1606 (t)sin(86 (1))

1404 (t)cos(0,(t)) + r’5(t)sin(05(t)) + 15 (t)és(t)cos(es (t)) = 1504 (t)cos(04(t)) (6)

Link-2 is attached to a large DC motor that is capable of providing enough torque. Under this
condition, 6,(t) is the input to the mechanism. The second derivative of the loop equation is
obtained in Eq. (7):

#3(£)cos(63 (1)) +72.04(£)?cos (04 (1)) +7464(t)sin(64 (1))
= 275 ()05 (t)sin(B5(t)) +120, (t)2cos(8, (1)) + 1,0, (t)sin(6, (1))
+ 13()03(t)%cos (85 () + 13(£)F5 (£)sin(5 (t))

73 (£)sin(03(£))+275(£) 05 (t)cos(85 (1)) +14,0,(t)?sin(8,4(t))
+1,0, (t)cos(8, (t))+ 13 (£) 85 (t) cos(65(t))
=1,0,(£)%sin(0, (t)) + 1,0,(t)cos(8,(t)) + 15(£)85(t)%sin(05 (1))
s (t)cos(Bs (1)) + 1686 (t)2cos(86 (1)) + 16 B4 (t)sin(B (1))
= 275 (£) 05 (£)sin(B5 (1)) + 130, (£)%cos(8, (1)) + 138, (t) sin(6,(1))
+75(0)65 () 2cos(65 (1)) + 75 ()85 (t) sin(65(t))

05 (t)sin(Bs (1)) + 275 ()05 (t)cos(Bs (1)) + 1686 (t)?sin(8 (1))
+ 138, (t)c0s(84(1)) + 15 ()85 (t)cos (65 (1))
=140, (£)%sin(0,(t)) + 1606 (t)cos(8¢(t)) + 15(£) 05 (£)?sin(B5 (t)) (7)

PRBM concept analyses large beam deflections as rigid links with pin joints and torsional
springs. PRBM’s have been classified based on various types of compliant segments (i.e. small-
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length flexural pivots, fixed-pinned segments, fixed-guided parts, binary pinned-pinned
components, functionally binary pinned-pinned segments). PRBM simplifies the nonlinear
analysis of the flexible beam elements by reducing the exact solution time while keeping the
accuracy high. The reduced-order approach is essential for optimization and control. The
PRBM consists of a rigid-body mechanism tracking trajectory with the tip of the original
flexible beam and a nonlinear spring, which gives the same angular deflection (Yu et al., 2018;
Ramirez and Lusk, 2011; Luo et al., 2015).

The deflections can be modelled by two rigid links pinned at the centre of the circular path.
Pivot location is defined by the nondimensional “characteristic radius factor (y — Figure 1).
The length of the pseudo-rigid link is r; = L; + €l; = yl;, where [; is the flexible segment length
(“characteristic radius-Figure 1”) and L is the length of the rigid part. Flexible beam deflections
are obtained as a = [;(1 — y) cos(®), B = l;y sin(0©).

Deflection resistance is modelled by a torsional spring with a torsional spring constant as in
Eq. (8):

El;
K; = vKo, n (8)

Figure 3. Cantilever beam subject to an end load.

Formulas used for nonlinear large deflections of pinned-pinned flexible link depicted in Figure
3 are stated as in Eq. (9):

9;(0) = 8, (D10 = (1,0 — (1))
Iei = 1—12’11“.1'(1%.1')3

Fy(t) = (f:')z P,(b), 9)

where §,,; and P; are normalized deflection and load matrix, respectively.

The forces produced by flexible links are modelled using 4t order polynomial functions
derived from nonlinear inextensible exact elastic theory. F;(t) can be approximated with a 4t
order polynomial function of deflection given in Eq. (10):

Fi(t) = Kis(9:(0)" + Kia(9:(0)” + Ki3(9:(0) + Ki289:(6) + Ky (10)

The force-deflection curve of the flexible joints are plotted in Figure 4.
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Figure 4. The force-deflection curves of the flexible joints. the pin-pin beam buckling;
derived from the solution of the exact elastica.

The coefficients of the polynomial function are evaluated from the flexible links force-
deflection curve through the curve fitting algorithm. The values of the coefficients are
presented in Table 1.

Table 1. Curve-fitted coefficients of the flexible joints.

Ky s 9673
K4 —2418
Ks 5 201.7
K; ., —4.078
K3, 0.02046
Ky s 1864
K4 —613.1
Ky 5 67.09
K ~1.79
K, 0.01182

2.3. Dynamic Simulation via Simultaneous Constraint Method

The simultaneous constraint method builds on the kinematic relationships described in this
section. The second derivatives of the loop equation are obtained. Then, simple force balances
are applied to each link to relate the forces on each link to its acceleration. Next, an approach
similar to the vector loop methodology yields additional information on the link acceleration
of the centre of mass. The equations are combined into a sparse matrix that can be evaluated
through MATLAB/SIMULINK as a component of a full simulation. The free-body diagrams
(FBD’s) of the components of the Watt six-bar compliant mechanism drawn in Solidworks are
represented in Figure 5.
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Figure 5. FBD'’s of link-2, link-3, link-4, link-5, link-6, respectively.

2.3.1. Dynamic Equations

Each joint can sustain only a force and that the forces are broken down into x-and y-
components. In general, F; ; will be for the force exerting on the link j, originating from the link

i. An essential point here is that ﬁ}i is equal and opposite F; ;- Force equations are the result of
Newton’s Second Law, applied to the links.

The equations of motion (EOM) for the i*" link can be written as in Eq. (11).
F}'i,x + Frix = MiQeix

Fjiy + Friy — Mg = m;Qe;y, (11)
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where the acceleration terms (a;x, @) are the x- and y-projections of the acceleration of the
centre of mass of the link. Those accelerations are hidden in the vector loop equations for the
entire mechanism. For each link, another position vector equation should be derived that maps
the acceleration of the COG of each link to the other state variables.

The vector relationships to derive the acceleration of the centre of mass of links are given in
Eq. (12):

Aezx(t) = —Te20,(£)? cos(0,(t)) — 120, (t)sin (0,(¢))
Aoy (t) = —Te20, ()% sin(6,(8)) + 76,0, () cos (8,(1))
Geax(t) = —7e404(t)? c05(04(t)) — Teabs(t)sin (64(1))
Qg y(t) = —Tea0, ()% sin(6,(t)) + 1248, (t)cos (04(1))
Qe (1) = —Te606(£)? c0s(0(t)) — 10686 ()sin (B (1))
ey (t) = —Tee86 ()% sin(06(1)) + 12606 (t)cos (B5(0)) (12)

The general form of the relationships between the summation of moments and the angular
acceleration can be reduced by choosing the centre of gravity (COG;) of the links as an axis
about which the moments are taken. The summation of moments leads to Eq. (13):

Fijxei SIN(O;) — Fyj e €08(6;) — Fyx (ri — 1) Sin(6;) + Fiiyy (ri — 1) cos(6;) = 1,;6;
(13)
After all, the force and moment equilibrium of the rigid links is built as in Eq. (14):
Fi25(8) + F3(t)cos (03(t)) = maacy (1)
Fi55(t) + F3(Dsin (65(t)) — mpg = myac,, (t)
T (£) + Fipx (0)7e2 sin(0,(t)) — Fiq, (072 cos(6,(1))
—F3(t)cos (05(t)) (12 — 7¢2) sin(B2 (1)) + F5(D)sin (63(2)) (rz — 7c2) 05(62(1)) = I26,(t)
Fiax(t) + Fs(£) cos(85(2)) + F5(t) cos(83(t)) = Myacq (£
F14,y(t) + F<(t) sin(@s (t)) + F5(t) sin(03(t)) —Myg = Myleyy(t)
Fiax(t)Tcs Sin(94(t)) — Fi45(£)1c4 c0s(84(1))
—F5(t)cos (05(£)) (14 — 7¢4) Sin(4(t))
+Fs(t)sin (85(6)) (14 — 724) cos(6,(0))
—F5(t) cos(93 (t)) (ry — rc4)sin(94(t))
+F;(t) sin(03 (t)) (ry — rc4)cos(94 (t)) =1.,6,(1)
Fi6x(t) + Fs(t) cos(85(t)) = meace (t)
Fi65(t) + Fs(Dsin (65(t)) — meg = meace, (t)
Fiex()Tcs Sin(96 (t)) — Fi65(£)1c6 cOs(86(1))
—F5(t)cos (05(8)) (16 — 1ee) sin(Bs (1))
+F5 (t)sin (05 (£)) (1% — 7c6) €05(06 (1)) = IeeB6(t) (14)

10
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2.3.2. Solution Procedure of the Flexible Pin-Pin Large Deflection

The deflections of the elastic links are calculated by using quasi-static analysis (Lobontiu, 2014)
while the mechanism moves. The simulation of the mechanism is conducted under the
condition of quasi-statically slow speeds while omitting the beam and joints inertial
forces&damping forces. System modelling and simulation can be made by adding the inertia
and the damping forces. When the mass of the flexible beam is small compared to the rigid
parts, it may not be included in the inertia of the system. The inertia of the flexible moving
parts might then be modelled as a lumped mass. Newton-Raphson method is utilized to reveal
this equation set starting from the initially compressed state of the mechanism. As the link-2
turns quasi-statically through the full cycle of 360° in the reverse direction, the solution for the
previous step is utilized as the initial guess for the next iteration The unknowns r3(t), 63(t),
15(1), OB5(t), 04(t), O6(t), and 7,,,(t) are evaluated after solving Eq. (15) simultaneously.

rycos(0,(t)) + 13 (t)cos(03(t)) — 714 €0S(014) — r4cos(94(t)) =0
125In(0,(t)) + 13(D)sin(03(£)) — 114 sin(B14) — 145in(0,(6)) = 0
1,08(04(t)) + r5()cos(85(t)) — 115 cos(B15) — r6cos(66(t)) = 0
1,5in(0,(t)) + r5(0)sin(O5(t)) — ryp sin(615) — 7esin(64(¢)) = 0
Tm (t) + F3(B)sin (63(8)) (1) cos(62(t)) — Fz(t)cos (85(t))(r2) sin(6,(t)) = 0
—Fs(t)cos (85(t)) (r4) sin(64(¢))
+F5 (1) sin(05(t)) (1) cos(04(t)) — F5(t) cos(05(¢)) (r)sin(6,(¢))
+F;(t) sin(93 (t)) (r4)cos(94(t)) =0
—F5(t)cos (05(¢)) (16) sin(Be () + Fs(D)sin (85(t)) (76) cos(6(t)) = 0 (15)

To solve these nonlinear equations, one should develop a numerical method having proper
initial conditions. The mechanism is simulated by using Matlab codes that contain “Isqnonlin”
command  with  options [options =  optimset('maxfunevals', 3000000, maxiter’,
400000, TolFun',1e-20,'TolX',1e-20)], and trust-region-reflective-algorithm.

For kinematic analysis, r3(t) and r5(t) elastic link deflections must be known. At this point, the
results of the quasi-static analysis help us to calculate elastic link deflections and also reduce
the number of unknown equations. Nonlinear load-deflection analysis of the flexible beam is
represented by a polynomial fitted by using nonlinear inextensible exact elastic theory. 8, — 3
and 8, — 15 curves represented in Figure 6 obtained from quasi-static results.

11
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Figure 6. Change of the a) r3 and b) r5 flexible link lengths w.r.t. 8, and c) their residuals,
respectively.

The related polynomial equations are given in Eq. (16):
r3(2(68,)) = —0.0142% — 0.0072z°
+0.087z* + 0.01623 — 0.172% + 0.057z + 0.19, z(6,) = (6, —3.1)/1.8
r5(2(8,)) = —0.0372° + 0.00232° + 0.019z*
—0.005z% — 0.029z2% — 0.0074z + 0.25, z(6,) = (8, —3.1)/1.8 (16)
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2.3.3. The Simultaneous Constraint Matrix

Combining 10 kinematic constraint equations (Eq. 7 and Eq. 12) with the 9 dynamic equations
(Eq0 14), 19 unknown variables  ([f3,7;,8s,75, Qe A2,y Acaxr Acayys Qe A,y
Fi2. F12,9) Tm Frax Fiay, 6,, Fi6x Fi6,y, f¢]) are determined by solving the simultaneous
constraint matrix equation (Gardner, 2001) as demonstrated in Eq. (17):

A JE S
s, ¢4, O 0O O 0 O 0 O 0 0 0 0 0 0 s, O 0 o 1[4 7 [b@]
red, s, 0 0 0 O 0 O 0 0O 0 0 0 0O 0 -reh, 0 0 o | & | |bQ
0 0 -rs6, ¢4 0 0 0 0 0 0O 0 0 0 0 0 -6, 0 0 1s6 ||d||bE

0 0 re6, s 0 0 0 0 0O O 0 0 0 0 0 reh, 0 0 -—rch| & | |b@

o 0o 0 0 1 0 0 0O 0 O 0O 0 0 0 0 0o 0 0 0 |la,,| |bG)

o 0o 0 0 0 1 0 0 0 O 0O 0 0 0 0 o 0 0 0 |a,, | |b®

o 0o 0 0 0 O 1 0 0 0O 0 0 0 0 0 s 0 0 0 |la.,| | b

o 0o 0 0 0 O 0 1 0 0 0 0 0 0 0 -rch 0 0 0 |a,,| |b@®

o 0o 0 0 0 O 0 O 1 0 0 0 0 0 0 0 0 0 16 ||lag, | |bO)

o 0o 0 0 0 O 0 O 0 1 0 0 0 0 0 0 0 0 -rgh|a,, |= bao)

o 0o 0 0 -m, O 0 O 0 O 1 0 0 0 0 o 0 0 0 |[F,, | |ba

0o 0 0 0 0 -m, 0 0 0 0 0 1 0 0 0 0o 0 0 0 |[Fy,| [bA2)

0 0 0 0 0 0 0 0 0 0 rsh —re, 1 0 0 o 0 0 0 |z, | |b@3

o 0o 0 0 0 0O -m O 0 O O 0 0 1 0 0o 0 0 0 |[F.,| |b@4

o 0o 0 0 0 0 0 -m 0 0O 0 0 0 0 1 0o 0 0 0 |F, | |ba5)

0 0 0 0 0 0 0 0 0 0 0 0 0rsh —red -, 0 0 0 || 4 | [bas)

o 0o 0 0 0 O 0 0O -m O O 0 0 0 O o 1 0 0 |[Fy | [b@7)

o 0o 0 0 0 O 0 O 0 -m 0O 0 0 0 0 o 0 1 0 | F,| |bO8)

o o o o 0 0 0 0O O O 0 0 0 0 0 0 16 reh g || 6 | (b9
(17)

In this matrix, notation s is for sin(.) function and c for cos(.) function.
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The notations representing the known vector in Eq. (17) are given in Eq. (18).

b(1) = r5(£)85(t)%cos(85(t)) — 1404 (£)%cos(8,(t)) + 275(£)05(t)sin(B5(1))
+1,0,(t)?cos(0,(t)) + 1,0, (t)sin(8,(£))b(2) = 1,0, (t)?sin(8, (1)) +
13()85(t)%sin(0;(t))- 275 (1) B3 (t)cos(85(t))
—130,(t)%sin(0,(t)) —1,0, (t)cos(6,(t))
b(3)=275 ()05 ()sin(8s (t)) +14,04(t)?cos(8,(1))
+75(£) 65 (£)*cos(65 () — 1666 (£)*cos (86 (1))
b(4)=140,(t)*sin(6,(t))
+15 (065 (£)*sin(B5 (£) — 275 (D65 (£)cos (85 (1)) 1606 (t)*sin(B6(t))
b(5) = —T265(£)? cos(8,(t)) — 128, (t)sin (6,(1))

b(6) = —1c,0,(1)? Sin(92 (t)) + 120, (t)cos (6, (1))

b(7) = —1c484()* cos(04(1))

b(8) = —1:40,(t)? sin(6,(¢))

b(9) = —7¢606(t)* cos(8s(t))

b(10) = —1.605(t)? sin(6, (1))

b(11) = —F;(t)cos (65(1))

b(12) = —F;(t) sin(65(1)) + myyg
b(13) =F5(t)cos (65(t)) (1, — 1c5) sin(0,(t))

—F3(t)sin (63()) (r2 — 7c2) c05(62(1)) + 26, (8)

b(14) = —Fs(t) 605(05 (t)) — F5(t) 605(03 (t))
b(15) = —F5(t) sin(65(t)) — F3(t) sin(63(t)) + mug
b(16) = Fs(t)cos (65()) (14 — Tca) sin(64(t))
—F5(t)sin (65(t)) (74 — 7ea) cos(64(1))
+F5(t) 605(93 (t)) (ry — rc4)sin(04(t)) — F5(t) sin(93 (t)) (ry — rc4)cos(94(t)))
b(17) = —F5(t)cos (05(t))
b(18) = —Fs(t) sin(95(t)) + mgg
b(19) = Fs(t)cos (65(8)) (16 — 1c6) sin(6s (1))
—F5(t)sin (85(t)) (s — 7c6) cos(86(1)) (18)

The unknown vector can be evaluated from the theory of linear algebra by multiplying the
inverse of matrix A (coefficient matrix) and B(known vector), which implies as X = A~!B. This
matrix equation is embedded in a MATLAB function that, in turn, can be embedded into a
Simulink-based simulation.
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3. Simulation and Experimental Results

3.1. Experimental Setup

The experimental setup and the prototype of the flexible Watt six-bar mechanism are
demonstrated in this sub-section. The design setup of the Compliant Watt-linkage prototype
is demonstrated in Figure 7. This prototype is utilized to contribute to the simulation results.
The main structure of the Watt six-bar compliant mechanism is comprised of three rigid links
and two flexible beams. The physical properties and their values related to the mechanism are
given in Table 2.

The dimensions of the cross-section of the flexible links are selected from the steel spring strips.
The input of the Watt six-bar compliant mechanism is supplied by DC Motor (2.2 Volt at initial,
4 Volt at operating). To predict the movement of the whole compliant mechanism, it should
be known how the flexible links buckle. The total length of the flexible links is 440 mm. The
first part of the flexible link (coded as 3) is 190 mm, and the second part of the flexible link
(coded as 5) is 250 mm before buckling, respectively. During the operation, the length of
flexible links changes while joints that connect the flexible links and rigid links turn. An
encoder is attached to each rigid link to measure the link angle and to evaluate the angular
crank velocity (6,(t)). Even though a DC motor within the house encoder is utilized in the
experiments, the DC motor’s encoder response was not certain. Therefore, a more accurate
encoder is integrated into the motor shaft. The data from the measurements of positions are
acquired with an Analogue-Digital Converter (ADC) IOTech personal data acquisition card.
Encoders and ADC’s are supplied with 6-7 Volt. DC Motor and encoder used in the
experiments are presented in Figure 8.

Figure 7. The prototype of the Watt six-bar compliant mechanism.
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Table 2. Physical properties and their values.

Physical property Value/Dimension
Length of the flexible
links (pre-buckling 19 cm, 25 cm
state) (r3,0), (75,0)
Length of the rigid links 12 cm, 22 cm, 24 em

(12), (1a), (%)

Length of the rigid links
(from the lower end to
the centre of gravity)

(Tcz ): (Tc4 ) ’ (rcé)

6cm,11 cm, 12 cm

Cross-section of the

36 mm * 18 mm

rigid links (b,*h,.)
Mass of the rigid links 0.0389 kg, 0.0713
(M) (Ms) (M) kg, 0.0778 kg

Moment of inertia of the
rigid links

(ICZ)' (104): (106)

1.7496*10~8 kgm?

Cross-section of the
flexible links (bs*hs)

21 mm * 0.2 mm

Young’s modulus of the

ﬂexible lil’lkS 2‘07*1011 N/mz
(E3), (Es)
Ground link length
03m
(rloc)l (rlﬁ)
Ground link orientation 257, =10’
counterclockwise

(01c), (61p)

rotation (+)

16

Figure 8. DC motor and encoder used in the experiment.

Data processing is conducted by MATLAB/SIMULINK software. The data acquired from
encoders are processed in MATLAB/SIMULINK to acquire the angular velocity and angular
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position of the rigid links. The Simulink block diagram utilized for data processing is
represented in Figure 9.

¥ ¥ 3
» & Angular
Velocity

»{ 1
360/NPulse Incremental
Angle

¥ 1/1024 . 3601024
Absolute
Angle

360/NPulse

Digital
Input a P >=

| NI
National Instruments '
DAQCard-6024E [auto] .

Tustin Derivative

P 36011024

Figure 9. Simulink block diagram utilized for data processing.

The angular velocity of each rigid link is obtained from the angular displacement data of the
related encoder. Unwanted noise is reduced by passing the collected raw data through
differential operator and filter, respectively, given in Eq. (19):

PO =D x 2 v(s) , F(5) = g (19)

t T5+1 s2+28wps+tw?

The differential operator guarantees the causality. 7 is selected as 120.51. The filter has a cut-
off frequency at w,=10 rad/sec. ¢ is selected as 0.707. The filter parameters were chosen to
obtain a continuous noise-free response of the angular velocity of each rigid link.

3.2. Experimental and Simulation Results

Link-2 has an initial angular velocity of 1.57 rad/s and an initial position of 270°. The other
initial conditions (configurations) were evaluated by conducting quasi-static analysis and
given in Table 3.

Table 3. Initial configuration of the mechanism.

030 0.3345 rad
040 4.1888 rad
050 6.1979 rad
060 3.8582 rad
T30 0.1714m
Ts0 0.2253m

The simulations were done in MATLAB/SIMULINK program. When Link-2 turns one cycle
[270°-(—907)], the changes in angular positions (63, 84, 05, 8), angular velocities (83, 8,4, 85, 6¢)
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and angular accelerations (83, 8, 85, 8¢) w.r.t. time are presented in Figure 10a-Figure 10d,
Figure 11a-Figure 11d, Figure 12a-Figure 12d, respectively.

a)

Angular Displacement (rad)

[ 0.5 1 1.5

Time (sec)

<)

Angular Displacement (rad)

b)

rim
—Simulation

Angular Displacement (rad)

25 3 0.5 1 15 2

Time (sec)

d)

25 3

imulation

i

>

Angular Displacement (rad)

0 0.5 1 15 2

Time (sec)

35! !
0.5 1 25 3

2.5 3

Time (sec)

Figure 10. Angular displacement trajectory. a) 03-time graph, b) 04-time graph, c) 05-time

graph d) 06-time graph
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—Experiment
|—Simulation

Angular Velocity (rad/s)
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25 3

15

25 3
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Figure 11. Angular velocity trajectory. a) w3-time graph, b) w4-time graph, c) w5-time graph,

d) wé-time graph
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Figure 12. Angular acceleration trajectory. a) a3-time graph, b) a4-time graph, c) a5-time
graph, d) a6-time graph

The reaction forces (Fi2 .y, F12,y, Fiax Fiay Fiex F16,), motor torque (7,,) are represented in
Figure 13a-Figure 13b, respectively.

a) b)

0.03 - nl
L5

0.02

0.01

Motor Torque (Nm)
N

\mplllmlcc(‘V}
=
Bl gl
>\bJE
/ E 1_
/j‘-;
‘\J{Jﬁ:

| / \ 0.01
() o L Ay
05- 0.02
A ' ‘ 0.03 - . J
0 05 i 15 2 25 3 s 4 0 0.5 1 15 2 2.5 3 35 4
lime (sec) Time (sec)

Figure 13. Kinetic trajectory. a) Reaction force-time, b) Motor torque-time

One can deduce from the results that the kinematic and kinetic trajectories of the mechanism
were experimentally validated. The deformation of the flexible components are evident and
varies in the motion cycle of the mechanism.
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4. Conclusions

This paper describes the design procedure and dynamic analysis of a partially compliant Watt
six-bar linkage combining the PRBM and elastica buckling theory. Polynomial curve fits of the
pinned-pinned flexible beam and the PRBM of the large deflecting cantilever beam are
synthesized in dynamic simulation via simultaneous constraint matrix. The kinematic analysis
is realized through vector loop closure, the force equilibrium of elastic elements, and
numerically solving the nonlinear dynamical equations. The 4th and 6th link curves are
symmetric. The path of the mechanism is almost straight in one section and completely
parallel. Therefore, the compliant Watt six-bar linkage is quite suitable for legged robot design.
The parallel motion of the joints leads to an extended contact surface of the leg coupled with
the terrain. The balance of the legs can be sustained without damaging effects on the terrain.
The number of degrees of freedom is reduced to one so that the control system synthesis and
motion analysis are easily conducted. The full dynamic simulation results are verified by
comparing the experimental results. The synergy of the PRBM and elastica buckling theory
serves as an effective method in the analysis and synthesis of new compliant mechanism
designs. The compliant synthesis approach for industrial implementations wherein accuracy
is extremely important such as medical, welding and manufacturing robot cause compliant
modelling wherein failures are considered.

Nomenclature
Tia Ground link length (a) Fj,  The vertical force of link i acting on
014 Ground link orientation («) the link j
Tip Ground link length () €0G; Center of gravity of the j** link
615 Ground link orientation (B) T Length from G-
7 i*" flexible link length (i = 3,5) 1™ joint to j*™* COG;
Tio i** flexible link initial length (pre- m; j*" rigid link mass
buckling state) I j*™ rigid link moment of inertia
7; i*" flexible link buckling velocity about the COG;
; i flexible  link  buckling g Acceleration due to gravity
acceleration T Applied DC-motor torque
9; it" flexible link deflection
6; i*" flexible link angle
0; i*" flexible link angular velocity
0; i*" flexible link angular acceleration
F; i*" flexible link spring force
by i" flexible link cross-sectional
width
he; i*" flexible link cross-sectional
thickness

El; it" flexible link flexural rigidity

7 jt rigid link length (j = 2,4, 6)

6; j*" rigid link angle

6; j** rigid link angular velocity

9; j*" rigid link angular acceleration
b,;  j™ rigid link cross-sectional width

h.; i rigid link cross-sectional
thickness

Fijx  The horizontal force of link i acting
on the link j
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