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novel numerical method for solving this problem based on Bernoulli

Keywords polynomials in matrix form. The method is simple to implement and
Vibration requires only basic linear algebra operations. The method is also very
Spring-mass-damper system efficient; and can be used to solve problems with the single degree of
ggﬁgzgtggaogi?:t?'als freedom system. The proposed method is illustrated by a numerical
Approximate methods example, and the results are compared with those of the exact solution.

The results show that the proposed method is highly accurate and efficient.
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1. Introduction

Understanding the natural oscillations of damped spring-mass systems with a single degree
of freedom is a cornerstone of mechanical vibrations. In mechanical vibrations, the free
vibration of damped spring-mass systems having single degree of freedom is essential for
advanced systems. Interestingly, many complex systems can be simplified to a single degree
of freedom spring-mass model. As a result, solving the equations of motion for this system can
be used to solve many other more complex problems. There are a variety of effective methods
for calculating solutions for a spring-mass-damper system excited by a harmonic force.

The approximation method based on Taylor polynomials (Kurt and Cevik, 2008), Laguerre
(Savasaneril, 2018) and Lucas polynomials (Savasaneril, 2023) is used for the solution of single
degree of freedom system. Also, an exponential matrix method is developed to solve delayed
single degree of freedom system (Cevik et al., 2014). In addition, different matrix methods
based on different polynomials have been developed for various type systems of differential
equations (Ytuizbasi and Karacayir, 2017; Yiizbas1 et al., 2012; Ytizbas1 and Yildirim, 2021; Sezer
and Kaynak, 1996; Bahsi et al., 2018; Giilsu et al., 2011; Baykus and Sezer, 2017; Biger and Dag,
2023; Kurkgti et al., 2016; Cayan et al., 2022; Yildiz and Sezer, 2019).
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In this study, a matrix method based on Bernoulli polynomial is used to solve the single degree
of freedom system. Also, this method has been used to solve high-order linear differential-
difference equations, linear delay difference equations with variable coefficients, mixed linear
Fredholm integro-differential-difference equations, nonlinear differential equations (Erdem
and Yalginbas, 2012a; Erdem and Yalginbas, 2012b; Erdem et al., 2013; Erdem Bicer and Sezer,
2019).

We consider the Bernoulli polynomial solution of an mt order differential equation given in
Eq. (1):

> P = £, o
k=0

with initial conditions:

m—1
Z apx®(@)=2;,i=01,-,m—1. )
k=0
P(t) is analytic function defined on a <t < bajk,A; are suitable constants. In the present
method, the solution of (1) is expressed in the Bernoulli polynomial form as in Eq. (3):

N
x(6) = xx(0) = ) anBa(D), ®)
n=0
where, By(t) is the Bernoulli polynomials and ap, n=0,1,-:-,N are unknown coefficients
(Gtlsu et al., 2011).

2. Fundamental Matrix Relations

The approximate solution of Eq. (1) in terms of Bernoulli polynomials can be expressed as in
Eq. (4):

x(t) = xy(t) = B(DA 4)
where,
B(t) = [Bo(t) By(t) - By(®]A=[ay ay " ], ®)
Here, the Bernoulli polynomials B, (x) is defined by
text _ B, (x) o
et —1 n!
n=0
or
n
n - .
B, (x) = z (T) b,x™", which b, = B, (0) (Apostol, 1976).
r=0

The first few Bernoulli polynomials with respect to t follows in Eq. (6):
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Bo(x) =1,

B;(x) =t !
1x_ 2’

1

B,(x) = t? — t+€,
3 1

B;(x) =t3 _Etz —Et,

Then, by using the Bernoulli polynomials B, (t)given by (6), we write the matrix form B(t) as

follows in Eq. (7):

B(t) = T(t)T .

T=[1 t ... "]
"(g)bo 0 0 0 0
I T
@ Do Qo 0
IR D G (G 0
o On G s O

iy Mo oue oy (VY ouc

Using the matrix relations in Eq. (4) and Eq. (7), it follows that:

xy(t) = T()TTA.

For the matrix relation between T(t) and its k —th derivative T®(t) as:

TWO(t) = T(t)EF.

where,
0 1 0 0
[0 0 2 0]
E=]|: : |
O 0 0 - N
O 00 - 0

)

(10)

(11)

(12)

By substituting the matrix form Eq. (11) into Eq. (10), the following matrix relation is obtained:

x ) = TOETA,  k=01,-,m.

(13)



Erdem Bicer Scientific Research Communications, 5(1) 2025

3. Bernoulli Collocation Method
By using the collocation points,
b—a

N
into Eq. (1) gives Eq. (15):

xp=a+ i i=01,-,N. (14)

Y Pa® () = f(t0) (15)
k=0

which can be written in matrix form as:

m
W= [qu] = ZPRT(t)Ek(TJPJCI = 0,1, 'N
k=0

For the particular solution, Eq. (15) is written briefly as Eq. (16):

WX = F or [W; F] (16)
where,
m
W = [wy,] = ZPkT(t)Ek(T, p,q=0,1,,N. (17)
k=0

Therefore, unknown Bernoulli coefficients matrix is obtained as in Eq. (18):

X =W-'F (18)
which yields the desired Bernoulli coefficients x,,n = 0,1, -, N of the particular solution.

The matrix form of the initial conditions in Eq. (2) is obtained as in Eq. (19):

U,A=Xor [U;Ali=01,--,m—1 (19)
where,
m-1
U= ) ayT@ER = [wo wa = Y] 20
k=0

Now, to solve the problem, the following augmented matrix is constructed by replacing the
last 2 rows of [W;F] by the 2-row matrix [U;; A;]:

[ Woo Wo1 Won ;o fo(®) 7
Wig W11 Win N 103
_WN-m0 WN-m1 " Wn-mn 5 fn-m(D) (21)
Upo Up1 Uon ; 0
U1p U11 Uin y M
L Um-10 Um-11 *°° Um-1nN An-1 |
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4. Solution of the Problem with Bernoulli Collocation Method

In this study, the solution of the viscously damped single degree of freedom system subjected
to harmonic excitation (Inman, 2001):

Mx + Cx + Kx = Fycoswt (22)
with initial conditions,
x(0) = Ao

will be examined. Eq. (22) is a second order differential equation so m = 2 in Eq (1). Also, the
constants are

(23)

P2=M,P1=C,PO=K.

5. Particular Solution

For the particular solution of the problem in matrix form, Eq. (22) is written briefly in the form
of Eq. (24):

2
M%+Cx+Kx= ) P,TEU'X=F (24)
k=0
or shortly,

WX = F or [W; F]

where,

2
W= [qu] = ZPkT(t)Esz’ p,q= 0,1,---,N, (25)
k=0

So, the unknown Bernoulli coefficients x,,,n = 0,1,-++, N are obtained as in Eq. (26):

X=W-'F (26)

for the particular solution.

6. General Solution
For the general solution of the problem, the matrix form of the initial conditions Eq. (23) is

written as in Eq. (27)

1

U; = ZQikT(a)EkZT =Jup Uy - Uin]i=0,1. (27)
k=0

and the augmented matrix is obtained as in Eq. (28)
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[ Woo Wor v Won 5 fo(®) 7
Wig Wi o owiy 5 f1i(®)
W;Fl =] ° S T | 28
[ ] Wy_20 Wn-21 = Wn-an ; [fn-2(D) (28)
Upo Upq Uon ; Ao
L Ujgo U1q Uin ; M

In Eq. (24), if rankW = rank[W;F] = N+ 1 then the coefficient matrix A is uniquely
determined and so the solution of the problem (1-2) is obtained as in Eq. (29):

xy(t) = B(t)A or xy(t) = T(t)TTA. (29)

7. Numerical Example

A spring-mass-damper system with a mass of M = 10 kg, damping coefficient of
C = 20 kg/s and spring stiffness of K = 4000 N /m subject to an excitation force of amplitude
Fo=100N and frequency w =10rad/s rad/s is examined with initial conditions
x(0) = 0.01,%(0) = 0. Based on these parameters, Eq. (22) can be expressed as

10X + 20x + 4000x = 100 cos10t.

The exact solution obtained by the method of undetermined coefficients is as follows
(Inman, 2001)

4 XoWwg 1
x(t) =tan ! ————— A = — /(v + Ewnx)? + (xow4)2, x = 0 for free response,
() ot foe A = oV o +E0nx0)? + (xowa) P
and
wq(xg — xcos0O X9 — xcos0
x(t) = tan™?! al¥o ) A=
vy + (x9 — xcos0)éw, — wxsind sing for forced response
_ -1 wanw _ fO p )
0 =tan™"" ————,x =

im0 0 - 0B + w0)?
Firstly, using Eq. (17) the fundamental matrix equations is written as Eq. (30):
10T()E2TA + 20T(O)ET A + 4000T(£)TTA = 100c0s10t (30)

First, let us determine both the particular solution and the general solution for the equation
when N = 5. To accomplish this, we need to calculate the necessary matrix equations. For
N =5, the matrix W and the augmented matrix [W; F] are defined as follows:

4000 —1980 X _p 320 191
3 3 3
1000 1150 104 872 1972 6442
3 5 75 75
1000 _3go 832 428 6764 3586
W= 3 5 75 75
w000 4po _BOB 472 6576 158 |
3 5 75 3
w000 1220 176 868 2548 6326
3 5 75 75
s000 2020 22 49 340 19
: 3 3 3
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4000 —1980 2220 5 340 19 100
3 3 3
1000 _11g0 104 872 1972 6442 4536
3 5 75 75 ' 109
1000 _3go 832 428 6764 3586 8432
(W, F] = 3 5 75 75 ' 129
’ 4000 420 808 472 6576 158 5665
3 5 75 3 ' 59
1 ! ! 0 ! 0 0.01
2 6 30 S
0 1 1 ! 0 ! 0
2 6

As indicated in the method, the particular solution is obtained as follows after certain matrix
operations

xp(t) = 8.4282770393x° — 20.4809690511x* + 16.234587123x3
— 4.34431040004x2 + 0.0647716655134x + 0.0463976936726

Similarly, the general solution is as follows:

x4(t) = —61.2945777462x> + 79.2335823084x* — 30.1164823672x> + 3x?
+1.18423789293 x 10~ '5x + 0.01

The problem has also been solved for N = 50, N = 100, and N = 200. To demonstrate the
accuracy of the method, the exact solution has been compared with x5,(t) in Figure 1, with
X100(t) in Figure 2, and with x;4((t) in Figure 3. The graphs demonstrate the accuracy and
reliability of the proposed method, as the solutions closely correspond to the expected
theoretical behavior.
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Figure 1. Comparison of the exact method and the approximate numerical method for the

general solution of the problem for N = 50
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Figure 2. Comparison of the exact method and the approximate numerical method for the
general solution of the problem for N = 100
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Figure 3. Comparison of the exact method and the approximate numerical method for the
general solution of the problem for N = 200
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8. Conclusions

In this study, Bernoulli polynomials are utilized to develop a novel method for solving the
periodic motion of an underdamped single-degree-of-freedom spring-mass system subjected
to harmonic excitation. This method is based on collocation points and matrix equations,
offering a structured and computationally efficient approach. The problem is solved for
different values of the system parameters, and the approximate solutions are illustrated
graphically, demonstrating the method's practical applicability.

The results obtained through Matlab calculations highlight the accuracy and reliability of the
proposed method, as the solutions closely align with expected theoretical behavior. Moreover,
the method's ease of implementation and computational efficiency make it highly
advantageous. Specifically, Bernoulli polynomials enable a reduction in computational
complexity and provide high accuracy with fewer collocation points.

Beyond the specific application addressed in this study, the proposed approach has broader
potential. It can be extended to solve higher-order systems of differential equations and other
complex engineering or physical problems that exhibit periodic behavior. For instance,
systems in vibration analysis, electrical circuit modeling, and wave mechanics could benefit
from the enhanced computational efficiency and accuracy provided by this method.

In conclusion, this study underscores the utility of Bernoulli polynomials not only as a
theoretical tool but also as a practical and efficient method for addressing real-world problems
in engineering and physics. Their distinct advantages, such as ease of programming,
computational efficiency, and adaptability to diverse problems, make them a promising
alternative to traditional numerical methods. Future research could further explore these
applications, solidifying Bernoulli polynomials as a cornerstone technique in applied
mathematics and engineering problem-solving,.
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